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Abstract

Coulomb’s theory of earth pressure, proposed in 1776, has been widely used by en-
gineers to design retaining walls for 245 years. However, because the earth pressure
functions are very complicated, there is still no study providing governing equations
and complete mathematical proofs. Therefore, this paper provides governing equa-
tions for solving Coulomb’s theory of earth pressure using the first-order differential
equations of Coulomb’s earth pressure functions. Furthermore, the second-order
differential equations of Coulomb’s earth pressure functions are used to mathemati-
cally prove that the active earth pressure is the maximum value and the passive earth
pressure is the minimum value. This not only completes the mathematical proofs for

Coulomb’s theory of earth pressures, but also enhances the physical understanding
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and mathematical basis of the calculation of Coulomb’s earth pressures.

Keywords: Coulomb’s theory, active and passive earth pressures,

governing equation.

Introduction

In Figures 1(a) and (b),
AABC is the potential active and
the potential passive sliding failure
block for a retaining wall, as pro-
posed by Coulomb (1776). Here, H
is the height of the retaining wall;
y 1s the unit weight of the soil; W
is the weight per unit length of
AABC; f is the inclination angle
of AC; 6 is the inclination angle
of AB; p is the inclination angle

of the potential active failure sur-
face BC; p—p is the angle be-
tween CA and CB: R is the re-
sultant shear resisting force acting
on BC, the intersection angle of R
and the normal line of BC is in-
ternal friction angle ¢; and P, is
the active earth pressure acting on
AB, and the angle of intersection
between P, and the normal of AB
is wall friction angle o.

. .
P
W
@
R
o™\ p

(a) Under active conditions
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(b) Under passive conditions

Figure 1. Various forces on a retaining wall provided by Coulomb’s

potential sliding failure block.

When the inclination angles
of the potential sliding failure sur-
faces corresponding to the active
and passive earth pressure func-
tions are changed such that P, be-
comes a maximum value and P,
becomes a minimum value, P, and
P, respectively become Coulomb’s
active and passive earth pressures
(Coulomb, 1776).

Because Coulomb’s earth
pressure function (Coulomb, 1776) is
too complicated, so far none of the
current literatures (Bowles, 1988;
Das, 2010; Fang, et al., 2003; Lambe
and Whitman, 1969; McCarthy, 2007,
Kramer, 1996; Pantelidis, 2019;
Rebhann, 1987; Taylor, 1948;

Terzaghi, 1944; US Army Corps of
Engineers, 2019) providing complete
mathematical proofs of active earth
pressure P, as the maximum value
and passive earth pressure P, as the
minimum value. Therefore, in this
paper, the authors will directly
provide Coulomb's earth pressure
function first-order differential
equation equal to zero, and sec-
ond-order differential equation less
than and greater than zero, respec-
tively, to provide complete
mathematical proofs of Coulomb’s
active earth pressure P, as the
maximum value and passive earth

pressure P, as the minimum value.

42

The International Journal of Organizational Innovation
Volume 13 Number 4, April2021



2020-1146 1JO1
https://www.ijoi-online.org/

ditions (Coulomb, 1776), respec-
tively, are given by AABC, where
the weight W of AABC can be cal-

culated as follows:

Coulomb’s Earth Pressure Functions
In Fig. 1 and Fig. 2, the po-
tential sliding failure blocks under

Coulomb’s active and passive con-

W:%yB_c-E-sin(e—p)

_ 1 ——2 sin(180"-0+p5) .
=5 y AB sin(p— p) sin(@ — p)

_ 1 . ,sin(180° -6+ p) sin(@ - p)

2 sin(p— ) sin’(180° - 0)

1 2 sin(@—p) sin(6-p) (Equation 1)

27T Tsinte sin(p-pB)

the conditions of force balance, the

Coulomb s active earth pressure func-
tion force polygon is closed.

Figure 2 shows the force polygon
of W, R, and P, in Figure 1(a). Under

Figure 2. The closed force polygon of W, R, and P, shown in Figure 1(a).
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According to the law of sines, P, shown in Figure 2 can be de-
Coulomb’s active earth pressure termined as follows:
sin(p — @)

sin(180° — p—a + @)
1 v H sin(@— ) sin(@—p)  sin(p—¢)

) sin@  sin(p—p) sin(p+a—¢)

(Equation 2)

Coulomb’s active earth as:
pressure P, can also be expressed

P, :%szKa (Equation 3)

where K, is the coefficient of as:

active earth pressure. It is defined

X - sin(@—p) sin(@-p)  sin(p—9¢)
“" sin’0 sin(p-p) sin(p+a—¢)

(Equation 4)

Coulomb s passive earth pressure func- Under the conditions of force balance,

tion the force polygon is closed.

Figure 3 shows the force poly-
gon of W, R, and P, in Figure 1(b).
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Figure 3. The closed force polygon of W, R, and P, shown in Figure 1(b)

According to the law of si- pressure P, shown in Figure 3
nes, Coulomb’s passive earth can be obtained as follows:
sin(p +¢)

i sin(180° — p—a —¢)
1 JoE sin(6 — ) . sin(€ — p) ' sin(p + @)

2 sin®@  sin(p— L) sin(p+a+g¢)

Coulomb’s passive earth pressed as:

pressure P, can also be ex-

where Kp 1s the coefficient of fined as:

passive earth pressure. It is de-

% _sin(f-p) sin(@-p) sin(p+¢)
? sin®@ sin(p— ) sin(p+a+¢)
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Governing Equation For Coulomb’s

Earth Pressures

Governing equation for Coulomb’s ac-

tive earth pressure

cot(@ — p)+cot(p— f) =cot(p—¢@)—cot(p+a—9).

Governing equation for Coulomb's

passive earth pressure

For the case a=180"-60+7, if

cot(@ — p)+cot(p— f)=cot(p+¢)—cot(p+a+4¢).

Coulomb’s Theory Of Earth Pressure

Coulomb s theory of active earth pres-

Sure

If and only if Coulomb’s active
earth pressure function shown in Equa-
tion 2 exists, then Equation 8 is the
governing equation for solving Cou-

lomb’s active earth pressure P, .

Coulomb's theory of passive earth

pressure

If and only if Coulomb’s passive

For the case =180 -60-6, if
andonlyif p#6, p#¢, p+p,
and p # ¢ —a, then the governing
equation for Coulomb’s active earth

pressure is:

(Equation 8)

andonlyif p#6 and p=# [, then
the governing equation for Coulomb’s

passive earth pressure is:

(Equation 9)

earth pressure function shown in Equa-
tion 5 exists, then Equation 9 is the
governing equation for solving Cou-

lomb’s passive earth pressure P, .
Mathematical Proofs

Mathematical proof of Coulomb's ac-

tive earth pressure

) It H, y, 8, p, ¢,and O are

known, then 1 yH? %Z_’B) in
sin” @

Equation 2 is a constant C,, and
sin(@-p) _sin(p—9)
sin(p— ) sin(p+a—9)

only
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changes with the change of p.

Thus, Coulomb’s active earth pres-

sure function can be rewritten as:

P ==C,-f,(p).

In the above formula, since
sin(p—0 sin(p—
—f(p)=1 (p-0) . (p—9) ’
sin(p— ) sin(p+a—4¢)
the extreme value of Coulomb’s active

earth pressure can be obtained by using

the formula ﬁ: C, -w: 0.
dp dp

Then, the governing equation for solv-

ing Coulomb’s active earth pressure

P, can be obtained as follows:

d-fu(P)_cos(p=0); o 1 cOS(p=P)r .

dp sin(p —60)

sin(p —¢)

_M[_ﬂ(pn_w[_ﬂ(m]

sin(p — f5)

sin(p+a —¢)

=[cot(p—0) +cot(p— @) —cot(p— f) —cot(p+a—9)]-[-£,(p)]

=0.

For general retaining walls, since
piga p¢¢a piﬁa p¢¢_aa
and — f,(p)>0 in the above formula,
the governing equation of daF, =0 is

dp
obtained as
cot(6— p) +cot(p—B))
=cot(p—¢@)—cot(p+a—¢).

When cot(6— p)+cot(p— f) =
cot(p—@)—cot(p+a —¢) isknown,
it is necessary to further prove that
Coulomb’s active earth pressure is the

maximum value.

Since both C, and - f (p) are
greater than zero, to prove that Cou-
lomb’s active earth pressure P, isa
maximum value, it is necessary to ei-
ther

2 2
prove 4 P; =Ca-d [—faz(p)]<O or
dp dp
2 —
prove M<O.

dp

For general retaining walls, since
45° <0 <135, |p|<¢,and 5<¢,
the value of p that satisfies Equation

8 also satisfies |p—0|<|p+a—¢| and
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| p— ¢| < | p— ﬂ| . Therefore, Under such circumstances, the sec-

csc’(p+a—¢)<csc’(p—6) and ond-order differential equation of

csc’(p—fB)<csc’(p—¢) both exist. — f.,(p) can be obtained as follows:
d’[-f,(P)] _

PP [—cscz(p—0)+csc2(p+a—¢)—CSCZ(P—¢)+0502(P—ﬂ)]'[—fa(/?)]

dl-
Jr[COt(,O—e)—COt(/O+Ot—¢)+cot(,o—qﬁ)—cot(p—,é’)]-—[ ;;(p)] )

Since cot(p —¢@)—cot(p +a —¢), the above
cot(@—p)+cot(p—pf) = formula can be simplified to:

w _ [— cscz(p—9)+cscz(p+a—¢)—cscz(p—¢)+cscz(p—ﬂ)]-[—fa(p)]

dp
<0.

This completes the mathematical 2) Since Equation 8 exists, the value of
proof of the if component "if Cou- p that satisfies Equation 8 also
lomb’s active earth pressure function makes sin(p—0), sin(p—¢),

P, shown in Equation 2 exists, then sin(p - f), and sin(p +a —¢)
Equation 8 is the governing equation non-zero. Therefore, after multiply-
for solving Coulomb’s active earth ing both sides of Equation 8 by

— £, (p), the following formula can
be obtained:
[cot(p— ) + cot(p —§) — cot(p— B) —cot(p + & — H]-[~£,(p)]
S SSEZI o+ ELZD

bh
pressure P, .

sin(p —6) sin(p—¢)
_cos(p—p) cos(p +a—¢)
Sin(p_m[ J.(P)]- _¢)[ 1.(p)]
_dl-f.(p)]
dp

=0.
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For general retaining walls, since
45° <0 <135, |p|<¢,and 5<g,
the constant C, and — f,(p) are

both greater than zero. Therefore, the

value of p that satisfies Equation 8

also makes |p—0|<|p+a—¢| and
|p —¢| < |p —,6’|. Therefore,
csc’(p—0)>csc’(p+a—¢) and
csc’(p—¢) >csc’(p— ). Thus, the

following relationship exists:

[-esc?(p—0) + esc?(p+ a - §) - s (p - ) + s (p - B[ £,(0)]

=[-ese’(p-0) +ese?(p +a = g) - esci(p - g) + es*(p - A)| [ £.(p)]

d[- £.(p)]

+ [cot(p—@)—cot(p+a —¢)+cot(p—¢)—cot(p—,6’)]-—

_T=LAP]
dp’ '

This completes the mathematical
proof of the only if component: "only if
the governing equation of Coulomb’s
active earth pressure P, shown in
Equation 8 exists, then P, shown in
Equation 2 is Coulomb’s active earth

pressure."

Mathematical proof of Coulomb’s pas-

sive earth pressure

) If H, y, 6, B, ¢,and O are

dp

known, then % yH? sin0-4) iy

sin® @
Equation 5 is a constant C,, and
sin(p—-6)  sin(p+9)
sin(p—f) sin(p+a+¢@)
changes with the change of p.

only

Thus, Coulomb’s passive earth

pressure function P, can be

rewritten as:

P, ==C,-f,(p)
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In the above formula, since
sin(p—6 sin(p +
—f(p)=" (p-09) ‘ (p+9) ’
sin(p—f) sin(p+a+¢)
the extreme value of Coulomb’s pas-

sive earth pressure can be obtained by

using the formula

d[~/,(P)] _ cos(p—0)
dp sin(p —60)

—M[—fp(p)]—

sin(p — f5)

=/, (P]+

dP d[-
o .M:O_Then, the
dp 7 dp

governing equation for solving Cou-

lomb’s passive earth pressure P, can

be obtained as follows:

cos(p+4)
sin(p+ ) [-/,(P)]
cos(p+a+¢)

sin(p+a +¢)

[=/,(P)]

=[cot(p—0) +cot(p+¢) —cot(p— ) —cot(p+a+¢P)-[-f,(p)]

=0.

For general retaining walls, since
p#60 and p# f, sin(p—-0),
sin(p+¢), sin(p—f), and
sin(p+a +¢) are all non-zero, and
- f,(p)>0 in the above formula, the

governing equation for dP,/dp =0 is

cot(@ — p) +cot(p— f)=cot(p + ¢) —
cot(p+a+4).

When cot(8 - p) + cot(p — )
=cot(p+¢@)—cot(p+a+¢) is known, it
is necessary to further prove that Cou-
lomb’s passive earth pressure is the

minimum value.

Sinceboth C, and - f,(p)

arc

greater than zero, to prove that P, isa

minimum value, it is necessary to prove

. d’P d’[-
either L _(C . [ff’('o)]>0 or
de V4 dp2
d*[-
EACINS
dp

For general retaining walls, since
45° <0 <135, |p|<¢,and 5<¢,
the value of p that satisfies Equation

9 also satisfies

lp—6]>[180" - p—ar—¢| and

|p + ¢| > |p - ,6’| . Therefore,
[—csc’(p—6O)+csc’(p+a+¢)]>0
and [—csc’(p+@)+csc’(p—B)]>0
both exist. Under such circumstances,

the second-order differential formula of

— f,(p) can be obtained as follows:
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% - [Fesci(p-0) +esci(p+a+p)—csc(p+h)+ese(p- B £, ()]

+ [cot(p—H)—cot(p+a + @)+ cot(p+¢) —cot(,o—,6’)]-—64_51’(’0)J )
o)

In the above formula, since cot(6 — p) the following is obtained:
+cot(p — ) = cot(p+¢) —cot(p+a +4) ,

—dz[_fpz(p)] = [Fesc?(p-0) +esc(p+ a+ g)—csP (o +p) + s (o - B)|- |- £, (0)]

dp
>0.

This completes the mathematical makes sin(p—6), sin(p+¢),
proof of the if component: "If Cou- sin(p— f),and sin(p+a+ @)
lomb’s passive earth pressure function non-zero, and because sin(p+¢) >0
P, shown in Equation 5 exists, then and sin(p +a+¢)>0, the following
Equation 9 is the governing equation formula can be obtained by multiplying

both sides of

for solving Coulomb’s passive earth
cot(p—0)—cot(p+a+¢)

+cot(p +¢) —cot(p—B)=0 by

When Equation 9 exists, the value -/, (p).

pressure."

of p that satisfies Equation 9 also

cot(p — O/, (p)]+cot(p + P)[-1,(p)]
—cot(p = B)[=f,(p)]-cot(p+a+@)-f,(p)]

_cos(p—6) cos(p+¢).
R A e ers A )
_cos(p=p) _cos(pta+g).
Sin(p— ) [-/,(P)] Sn(pratd) [-/,(P)]
_d-£,(p)]
dp
=0.
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For general retaining walls, since

45° <0 <135, |p|<¢,and 5<g,
the constant C, and — f,(p) are

both greater than zero. Thus, p satis-

fying Equation 9 also leads to
di-f,(p)] _dP,

because |p—49| > ‘180° -p—a —¢‘ and

|p + ¢| > |p — ,6’| exist, it is known that

csc’(p—0)<csc’(p+a+¢) and
csc’(p+ @) <csc’(p— f) . Therefore,
the following relationship can be ob-

tained:

c .— 277 _ 7 r _ (. Furthermore,
’ dp dp

d’[-f,(p)
dp’

+ [cot(p—49)—cot(p+a+¢)+cot(p+¢)—cot(p—ﬂ)]-

L [esci(p-0)+ese(p+atg)—esc (p+ )+ s (o B - 1, (o)

d|l- £,(p)]
dp

= [— cscz(p—ﬁ)+csc2(p+a+¢)—cscz(p+¢)+cscz(p—ﬁ)]- [— fp(p)]

>0.

This completes the mathematical
proof of the only if component: “Only

if the governing equation of Coulomb’s
active earth pressure P, shown in Equa-

tion 9 exists, then P, shown in Equation

5 is Coulomb’s passive earth pressure.”

Comparison And Discussion Of Results

1) Rebhann (1871) first obtained
the relationship between Cou-
lomb’s active earth pressure P,
and the weight W for the poten-
tial sliding failure block by us-

ing the closed force polygon of
W, R, and P, shown in Figure 3
and the law of sines. A drawing
method (detailed in Figure 5) is
used to illustrate that when the
inclination angle p of the
sliding failure surface changes
such that dP,/dp=0, then the
area of AABC equals the area
of ABCE. Finally, Rebhann de-
rived a formula for the coeffi-
cient of lateral earth pressure

K, under active conditions:
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. 2 _
K = sin’(0-9) . (Equation 10)

| sin’0-sin(0+ 5)| 1+_| S0 +0) sin(#= /) 2
sin(@ + &) -sin(@ - S)

B D
C p+a-¢
A J
p-B
w E
P X
H o F
0]
% A
P. o-p
P-@ R\
e Xp

Figure 5. Rebhann’s drawing method for Coulomb’s active earth pressure.

2) Rebhann (1871) also obtained the that when the inclination angle
p of the sliding failure surface

is changed such that dP, /dp=0,

relationship between Coulomb’s

passive earth pressure function P,

and the weight W of the potential
sliding failure block by using the
closed force polygon of the three
forces of W, R, and P, shown in
Figure 4 and the law of sines. Then,
a drawing method (detailed in

Figure 6) was used to illustrate

then the area of A4ABC equals
the area of ABCE. Finally,
Rebhann derived a formula for
the coefficient of lateral earth
pressure K, under passive

conditions:
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)
K = sin"(0+4) . (Equation 11)

sin’ 0-sin(0— 5)| 1— |S(P+0)-sin($+ ) ?
sin(@ — &) -sin(6 - )

Figure 6. Rebhann’s drawing method for Coulomb’s passive

earth pressure.

3) After obtaining the graphical the proof for the theory of
relationships for dP,/dp=0 Coulomb's earth pressure is in-
_ . complete.
and dP,/dp=0 by the drawing p

method, Rebhann (1871) did not

g0 on to prove that P, is a 4) When the inclination angles of the

. sliding failure surfaces correspond-

maximum value by

dzPa /dpz <0 and that P, is a ing to the maximum value of P, and
L the minimum value of P,, are re-

minimum value

quired, it is easy to solve them by

2 2
by d°F,/dp”>0. Therefore, using Equation 8 and Equation 9,
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respectively. However, it is very cot(@ — p) = EJ/ AP,
time-consuming and laborious work cot(p—p) = C_P/ AP,
to obtain them using Rebhann’s cot(p—¢) = ﬁ/ﬁ , and
drawing methods. cot(p+a—¢@)= —C_K/ﬁ can be
obtained. If the above relational ex-
5) For the governing equation of Cou- pressions are substituted into Eq. 8,
lomb's active earth pressure, ac- then it can be found that:

cording to Figure 5,

BP CP BK CK

AP AP EK EK

The above formula can be simpli- fied to:
B _5c
AP EK

Multiplying both sides by —

lB AP =—BC-EK
2 2
In Figure 5, this rela- for dP,/dp=0 proposed by

tionship means that the area of Rebhann (1871).
AABC equals the area of
ABCE . Therefore, it is proved 6) According to Figure 6, the same
that the governing equation of method can be used to prove
Coulomb's active earth pressure that the physical meaning of the
proposed in this paper has the governing equation of Cou-
same physical meaning as the lomb’s passive earth pressure
graphical relationship suitable proposed in this paper is the
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same as that of the graphical

relationship suit

able for dP,/dp=0 proposed
by Rebhann (1871).

7) Take the retaining wall shown

in Figures 1 or 2 as examples.
When H=6 m, y=20 kN/m3,
0=120°, p=12° ¢=0, ¢=30°,
and 0 =20°, the following re-
sults can be obtained according
to the traditional method and

the method proposed in this
paper:

(1) According to the traditional
method, Coulomb's active
and passive lateral earth
pressure coefficients, i.e.,
K,=0.7882 and K ,=5.0000,
are first obtained using
Equations 10 and 11, re-
spectively. Then, Coulomb's
active and passive earth
pressures, i.e., P =283.752
kN per meter of wall and
P,=1800.000 kN per meter
of wall, are determined us-
ing Equations 3 and 6, re-
spectively. Regarding the
inclination angles p of
the sliding failure surfaces
and the weight W of the
sliding failure blocks for
Coulomb's active and pas-

sive conditions, technicians

rarely present these data
because they require sig-

nificant drawing efforts.

(2) According to the method
proposed in this paper, by
using the governing equa-
tions of Equations 8 and 9,
the inclination angle (i.e.,
p=57.57") of the sliding
failure surface for Cou-
lomb’s active conditions
and the inclination angle
(i.e., p=40.00") of the
sliding failure surface for
Coulomb’s passive condi-
tions can be obtained. Then,
the known values of p can
be substituted into Equation
1 to obtain the weight (i.e.,
W =566.679 kN per meter
of wall) for the sliding
failure block of Coulomb’s
active conditions and the
weight (i.e., W = 969.786
kN per meter of wall) for
the sliding failure block of
Coulomb’s passive condi-
tions. When the known
values of p are substi-
tuted into Equations 2 and 5,
this yields P, = 283.752 kN
per meter of wall and P, =
1800.000 kN per meter of
wall for the Coulomb’s ac-

tive and passive conditions,
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respectively. Finally, when
the known values of p are
substituted into Equations 4
and 7, the Coulomb active
earth pressure coefficient
(i.e., K,=0.7882) and the
Coulomb passive earth
pressure coefficient (i.e.,
K,=5.0000) can be ob-

tained.

Conclusions And Suggestions

Coulomb’s theory of earth pres-
sure has been widely used for 245 years
in the design of retaining walls. How-
ever, because the earth pressure func-
tions are very complicated, there have
been no complete mathematical proofs.
To complete Coulomb’s theory of earth
pressure, complete mathematical proofs

were provided for the first time in this

paper.

Through comparison, it is known
that the proposed governing equations
can be easily used to calculate the in-
clination angle p of the sliding fail-
ure surface, the weight W of the sliding
block, the active earth pressure P,, the
passive earth pressure P, the active
earth pressure coefficient XK, , and

the passive earth pressure coeffi

cient K » for Coulomb’s active and

passive earth pressure conditions.

Then, governing equations for
Coulomb’s active and passive earth
pressures were proved to have the same
physical meanings as the graphical re-

lationships obtained by satisfying
dP,/dp=0 and dP,/dp=0 in

Rebhann’s drawing methods.

Based on the above research
conclusions, the authors strongly sug-
gest that when designing retaining
walls in the future, for the convenience
of calculation, the governing equations
proposed in this paper for the Cou-
lomb’s active and passive earth pres-
sures should be used directly. It is also
suggested to incorporate the complete
mathematical proofs provided in this
paper into foundation engineering de-
sign textbooks and design specifica-
tions to enable the Coulomb’s theory of
active and passive earth pressures to be

complete.
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